The longitudinal polarizability, α xx , and second hyperpolarizability, γ xxxx , of polyacetylene are evaluated by using the coupled perturbed Hartree-Fock/Kohn-Sham (HF/KS) scheme as implemented in the periodic CRYSTAL code and a split valence type basis set. Four different density functionals, namely local density approximation (LDA) (pure local), Perdew-Becke-Ernzerhof (PBE) (gradient corrected), PBE0, and B3LYP (hybrid), and the Hartree-Fock Hamiltonian are compared. It is shown that very tight computational conditions must be used to obtain well converged results, especially for γ xxxx , that is, very sensitive to the number of k points in reciprocal space when the band gap is small (as for LDA and PBE), and to the extension of summations of the exact exchange series (HF and hybrids). The band gap in LDA is only 0.01 eV: at least 300 k points are required to obtain well converged total energy and equilibrium geometry, and 1200 for well converged optical properties. Also, the exchange series convergence is related to the band gap. The PBE0 band gap is as small as 1.4 eV and the exchange summation must extend to about 130 Å from the origin cell. Total energy, band gap, equilibrium geometry, polarizability, and second hyperpolarizability of oligomers −(C 2 H 2 ) m −, with m up to 50 (202 atoms), and of the polymer have been compared. It turns out that oligomers of that length provide an extremely poor representation of the infinite chain polarizability and hyperpolarizability when the gap is smaller than 0.2 eV (that is, for LDA and PBE). Huge differences are observed on α xx and γ xxxx of the polymer when different functionals are used, that is in connection to the well-known density functional theory (DFT) overshoot, reported in the literature about short oligomers: for the infinite model the ratio between LDA (or PBE) and HF becomes even more dramatic (about 500 for α xx and 10 10 for γ xxxx ). On the basis of previous systematic comparisons of results obtained with various approaches including DFT, HF, Moller-Plesset (MP2) and coupled cluster for finite chains, we can argue that, for the infinite chain, the present HF results are the most reliable.
I. INTRODUCTION
It is well-known that, in Kohn-Sham density functional theory (KS-DFT), conventional functionals lead to a large overshoot for the calculated longitudinal static electronic polarizability and hyperpolarizabilities of extended quasi-linear chains. The classic example is that of π -conjugated polyene oligomers, 1, 2 but this result has been confirmed for many other cases with and without π -conjugation. [3] [4] [5] [6] [7] The oligomer chain lengths that have been considered typically show slight convergence of the (hyper)polarizability per unit of C 2 H 2 , or even no convergence, of the KS-DFT calculations towards the infinite polymer limit. Thus, the macroscopic long chain behavior and the limiting values of the (hyper)polarizabilities are unknown.
On the other hand, in principle it should be feasible to carry out infinite periodic polymer calculations directly usa) Electronic mail: valentina.lacivita@unito.it.
ing one of the many periodic codes now publicly available. A complementary condition is however the availability of computational tools for the calculation of the polarizability and hyperpolarizability in a coupled form that permits electrons to relax under the effect of the perturbation.
These conditions are fulfilled by a development version of the periodic quantum mechanical CRYSTAL code, 8 in which the coupled perturbed Hartree-Fock and Kohn-Sham (CPHF and CPKS) schemes are implemented up to second order perturbation in the wave-function (see for example Ref. 9) , as alternative to the variational finite-field method providing the field-dependent energy.
In this paper we utilize the CRYSTAL code to perform electronic (hyper)polarizability calculations on long chain polyenes and on infinite periodic polyacetylene (PA) at the Hartree-Fock (HF) and KS-DFT levels. For KS-DFT, several representative conventional hybrid and non-hybrid functionals are employed. The infinite periodic KS-DFT calculations, in particular, represent a severe test of the methodology as well as the accuracy that can be achieved. In this connection it is important to note that there are major differences in both the physics and the formal theory when one switches from a finite to an infinite periodic chain. 10, 11 Hence, the consistency of the results obtained for these two cases is not guaranteed, and the computational conditions that ensure convergence must be verified carefully. Our aim is to build a robust computational scheme for the calculation of optical properties, even in cases at the limit of conductivity. In doing so, we show that it is possible to draw regular 0D → 1D trends (without border effects for finite chains) at every level of theory, regardless the convergence rates and the magnitude of the numbers to manage. In addition, cases where the polymer asymptote is approached, the finite chain results extrapolate perfectly to the infinite periodic chain limit. The basis set effect is also explored.
The paper is organized as follows: in Sec. II, the basic periodic CPHF/KS equations are shortly recalled. In Sec. III, the computational details are illustrated. In particular, the most delicate computational parameters of periodic calculations, namely the number of k points at which the self-consistent field (SCF) and CPHF equations are solved and the parameters controlling the truncation of the exact exchange series are discussed. The results are presented in Sec. IV: (a) convergence of the oligomers to the polymer for various properties, including α and γ ; (b) the comparison of the five different levels of theory here explored; and (c) the effect of the basis set. Finally, in Sec. V, a few conclusions are drawn.
II. THE CPHF/CPKS METHOD TO FOURTH ORDER
(Hyper)polarizability tensors can be calculated as derivatives of the total energy E tot with respect to the electric field components ε t (t = 1, 2, 3). Analytical formulas for estimating these derivatives are provided by the CPHF/KS method, 12 as adapted for periodic systems, 13 and recently implemented 9, [14] [15] [16] for 0D to 3D systems in a local variational basis within the CRYSTAL code. 8 Basically, the scheme focuses on the description of the crystalline orbitals (CO) relaxation under the effect of the field, 
2. and the static second hyperpolarizability γ
All matrices are in the unperturbed CO basis; indices i, j, l refer to generic COs whereas Roman subscripts a, b, c and p, q, r distinguish occupied and virtual COs, respectively. Dependence upon k points has been omitted for brevity. Each matrix must be understood as k-dependent, e.g., U ≡ U ( k).
In the above equations:
r n k is the number of k points in the first Brillouin zone at which the CPHF/KS equations are solved.
r R is the real part of the expression that follows in parentheses.
r P t, u is the sum of all permutations of the Cartesian field components, t and u, separated by commas (and so is P t, u, v, w ).
ij is the tth component of the perturbation operator,
(see Refs. 13 and 17-21) in the unperturbed CO basis; it is computed initially in the Bloch atomic orbital basis and then transformed to the CO basis using:
r W (t) ij and W (tu) ij are, in order, the first and second derivatives of the two-electron interaction matrix, obtained by multiplying the bielectronic integrals with the firstand second-order perturbed density matrices:
r G (u) ij is the derivative of the Fock matrix with respect to the u component of the applied electric field. It is a sum of two terms,
It depends on U (u) through the first-order density matrix D (u) μν .
Reuse of AIP Publishing content is subject to the terms: https://publishing.aip.org/authors/rights-and-permissions. (uv) collects the second derivatives of the eigenvalues. It is obtained through a non-canonical process of block diagonalization by U (u) and U (uv) , which leads to definition,
ab , (9) for the occupied-occupied elements, for example.
r ∂U (t) pa ∂k u is evaluated analytically. 13 CRYSTAL provides self-consistent solutions to Eqs. (2) (CP-SC1) and (3) (CP-SC2), by exploiting equalities,
for block-diagonal terms, and
for the others which involve the difference between the unperturbed eigenvalues E a and E p , and the derivatives W (t) ij and W (tu) ij , which depend, respectively, on U (t) ij and U (tu) ij through the perturbed density matrices. 9, 16 The KS-DFT calculation of energy derivatives through Eqs. (2) and (3) using a hybrid functional, such as PBE0, have been discussed at length in Ref. 22 . Interested readers are referred to that paper for details. Local density approximation (LDA) and Perdew-Becke-Ernzerhof (PBE) can be seen as particular cases of the general derivation.
III. COMPUTATIONAL DETAILS
Calculations have been performed using a development version of the periodic ab initio CRYSTAL09 code, 8 that adopts a Gaussian-type basis set for constructing the Bloch functions, that are the variational basis for building the COs. Most of the calculations have been performed by using a 6-31G (all-electron) split-valence basis set, relying on the good accuracy of static longitudinal results previously obtained for long chain polyenes: 12, 23 the longer the chain, the higher the compensation of neighboring atomic functions for the lack of extended polarization functions. 12 It consists of nine atomic orbitals (AO) resulting from a contraction of 6(s), 3(sp), and 1(sp) Gaussian-type functions for C and 2s type AO (3G and 1G contractions) for H. Much larger basis sets have then been used in order to verify the effect on all the considered properties.
Five different levels of theory have been compared, namely (i) pure density functional within the LDA (Refs. [24] [25] [26] or (ii) generalized gradient approximation (GGA) in the PBE (Refs. 27-30) formulation; (iii) PBE0 and (iv) B3LYP hybrid functionals with 25%(Ref. 31 ) and 20% (Refs. 32-34) of exact exchange, respectively, and finally (v) pure HF.
Convergence thresholds on the SCF energy and CP-SC properties have been set to T E = 11 and T CP = 4, respectively. Two kinds of parameters are critical for the calculation of the polarizability and hyperpolarizability tensors: the shrinking factor S, defining the number of k points at which the SCF and CPKS equations are solved, and the set of tolerances controlling the accuracy of the Coulomb and Hartree-Fock exchange series (the latter being relevant for HF, B3LYP, and PBE0).
A. Convergence with respect to the number of k points
We first check the influence of the shrinking factor S on the SCF equilibrium solution (total energy E tot , interatomic distances L, band gap E g , Mulliken bond population BP), as shown in Table I . PBE and B3LYP data are not reported, as the former exhibits a trend similar to LDA and the latter to PBE0. It turns out that for the HF solution, which is characterized by a band gap E g as large as 6.80 eV, S = 30 -corresponding to 16 k points in the irreducible Brillouin zone, due to time reversal symmetry -already provides well converged values for all the considered quantities. At the other extreme, the LDA band gap is very small (of the order of 0.08 eV); as a consequence, the convergence with S is extremely slow and only at S = 300 TABLE I. Total energy and equilibrium geometry of PA as functions of the shrinking factor S. E g is the energy gap (in eV) and E (in microhartree) the energy difference with respect to the most accurate results, i.e., −76.86124747 hartree (HF), −77.29556515 hartree (PBE0), and −76.67436338 hartree (LDA). Interatomic distances (L) in Å and Mulliken bond populations (BP) in |e|. A 6-31G type basis set has been used. Other computational parameters (see text for details): T E = 11, T C = 10, and T x = 30. 35 (1.6 ≤ E g ≤ 1.8 eV), converges with S = 50 to E ≤ 10 −7 hartree. Dependence on the shrinking factor S is also important for the polarizability α xx and the second hyperpolarizability γ xxxx . Two coupled perturbed (CP-SC1 and CP-SC2) iterative schemes have been carried out to achieve the fourth order of perturbation through the (2n + 1) rule. Given the inverse relationship between optical constants and powers of the energy gap E g -Eqs. (2) and (3), referring to definitions (11)-(13) -a much stronger dependence on E g , and then on S, is to be expected, and this is actually the case, as shown in Table II , where the longitudinal components are reported. Consider first the LDA case (see also Figure 1 ). The variation with S is very large; α reduces by about 25% in going from S = 300 to S = 700. γ at S = 400 still carries the wrong sign and at S = 600 it is still off by 44% with respect to the converged result obtained at S = 1200. It should be noticed that α is as large as 10 5 and γ as large as 10 16 in a.u. The HF solution shows a much faster convergence (S = 30) due to the large band-gap. Indeed, HF α is about 700 times smaller than LDA α. For γ this ratio increases to 10 10 . About the same number of k points as used in the field-free SCF cycle, i.e., 51, is required for well converged optical properties with PBE0.
B. Convergence with respect to the two-electron series range
The effect of the five parameters controlling the truncation of the Coulomb and exchange series, indicated as T i (i = 1 → 5), 8 can be described with reference to the ex- pression of the total electronic energy in the AO basis:
Roughly speaking, integrals are disregarded (or approximated in the case of T 2 , see below) when the overlap between the involved functions is below 10 −T i (see Ref. 8) . T 1 and T 2 refer to the Coulomb series (T C ). T 1 defines the minimum amount of charge density to be considered for electron 1 or 2. T 2 defines the set of direct space g vectors within which these bielectronic integrals are calculated exactly, otherwise a multipolar expansion is used to describe the interacting charge distributions. [36] [37] [38] The effect of T C (here T 1 has been set equal to T 2 ) on the ground state and its optical properties is documented in Table III . Both α and γ show high stability with respect to T c , so that T c = 10 can be used safely (despite the small energy variation at higher T c values), extending the TABLE III. Polarizability α xx (× 10 2 a.u.) and second hyperpolarizability γ xxxx (in a.u.) of PA as functions of the parameter T C controlling the truncation of the Coulomb series (see text for details). E g is the energy gap (in eV) and E (in microhartree) the energy difference with respect to the most accurate results, i.e., −76.86126625 hartree (HF), −77.29557482 hartree (PBE0), and −76.67435270 hartree (LDA). Shrinking factor S is set to 300 (LDA), 50 (PBE0), and 30 (HF) for geometry optimizations and to 1200 (LDA), 100 (PBE0), and 30 (HF) for CPHF/KS calculations. Other computational parameters as in previous tables. (14), which depends in turn on the electronic structure of the system: the smaller the gap, the larger the range of the density matrix. 40 We set their values according to the scheme T 4 = 1 2
SCF energy calculations converge at T x = 30 and T x = 150 for HF and PBE0, respectively (Table IV) . Much slower is the CPHF/KS convergence, in particular for PBE0, as shown in Table V . Convergence to 1% on γ xxxx is achieved at T x = 100 (N = 33) for HF (about three times slower than what documented in Ref. 39 ), whereas PBE0 requires T x as large as TABLE IV. Total energy and equilibrium geometry of PA as functions of the parameter T x , controlling the truncation of the exchange series (HF and PBE0). E g is the energy gap (in eV) and E (in microhartree) the energy difference with respect to the most accurate result, i.e., −76.8612902 hartree (HF) and −77.2956558 hartree (PBE0). Symbols, units, and other computational parameters as in previous tables. The DFT exchange-correlation contribution in PBE0 and LDA is obtained by numerical integration, using a Gauss-Legendre radial quadrature and a Lebedev 2D angular scheme. 41, 42 Pre-defined pruned grids are adopted. 8 The default grid (75 radial and 974 angular points per atom) provides well converged results for both the equilibrium geometry and the optical properties α and γ .
IV. RESULTS

A. From the molecule to the polymer: Structures, energetics, and optical properties
In this section, convergence of the acetylene oligomers −(C 2 H 2 ) m − towards the periodic polymer (PA) will be considered. We will try to answer the following questions: TABLE V. Polarizability α xx and second hyperpolarizability γ xxxx (in a.u.) of PA as functions of the thresholds, T x = T 4 = 1 2 T 5 , controlling the truncation of the exchange series (see text for details). M is the number of direct lattice vectors involved in the exchange series summations, R is the radius (in Å) of this exchange zone. Symbols, units, and other computational parameters as in previous tables.
PBE0
HF 1. How rapid is the convergence of the total energy, the equilibrium geometry, the charge distribution as a function of the number of monomers m? 2. How fast do α and γ converge? (Note that, as PA belongs to the C 2h point symmetry, the dipole moment μ and the first hyperpolarizability β are null due to inversion symmetry.) 3. Does convergence vary with the functionals? 4. Is the overall accuracy of the CRYSTAL code, in all its parts (SCF, CP-SC1, and CP-SC2), such as to permit us to verify the infinite oligomer chain limit by comparison with the polymer? In previous investigations the infinite chain limit was approached with finite chains of increasing length (see, for example, Refs. 23, 43, and 44). The HF infinite limit was explored by Kirtman et al. 45 through periodic CPHF calculations, the results being very close to the present ones. Here, the 0D → 1D analysis has been extended to DFT pure (LDA and GGA) and hybrid (PBE0 and B3LYP) functionals.
The last question is not trivial, as in Sec. III it has been shown that the influence of the computational parameters on the calculated properties is very large. The two most important possible sources of discrepancy are: (a) the strong dependence of many properties of the polymer on the shrinking factor S documented in Sec. III must take the form of a strong dependence on the chain length in 0D oligomers; (b) the electric field operator, that is, simply r for the 0D cases, along the 1D chain takes the form r + ı ∇ k . At the limit m → ∞ the two values should coincide.
In order to eliminate border (finite chain Table VI -refer to the central part of the oligomer. The band gap of the oligomer cannot be purified of border effects.
Full-geometry optimizations were carried out for m up to 50, corresponding to oligomers with as many as 202 atoms. Table VI provides energy and geometry of oligomers of increasing length (the reference polymer data are in the last row), whereas energy gaps (eV), α and γ (a.u.) values are reported in Table VII . For HF the convergence of energy and geometry is extremely rapid: at m = 12, the total energy (per monomer unit) is already equal to the one of the polymer up to the seventh decimal figure and the two alternating bond lengths coincide with those in the polymer to the fourth decimal digit. The polymer structure overlaps almost perfectly to the HF one obtained by Limacher et al. 46 using a more extended basis set, i.e., cc-pVDZ. We note a HF overshoot (∼25%-30%) of the bond length alternation (BLA = (C 1 C 2 − C 2 C 3 ) = 0.113 Å) compared to the experimental data: BLA = 0.085 Å, 46 0.08 Å, 47 and 0.086 Å. 48 On the other hand, the HF symmetry-breaking dimerization distortion value u 0 of 0.03 Å compares well with the x-ray diffraction result derived by Fincher et al., 35 whereas inclusion of electron correlation fails by systematic underestimation. 49, 50 Structural properties of the oligomers converge monotonically to those for the polymer also in the LDA approximation. Convergence is, however, much slower: at m = 50 E tot still differs by 4 microhartree and the bond lengths by about 3 mÅ. As usual, PBE0 is an intermediate case.
As expected, convergence of α xx and γ xxxx requires achieving larger m values than for structural and energetic properties (see Table VII ). For HF, at m = 20, α differs from the polymer value by about 2%, and at m = 50 by 0.1%. These differences increase to 12% (m = 20) and 0.5% (m = 50) for γ . The good convergence is graphically documented by Figure 3 . Using power series in 1/m as fitting functions yields α ∞ xx = 165 a.u. and γ ∞ xxxx = 617 × 10 4 a.u. for the infinite m limit, which almost coincide with the analytical (infinite periodic) CPHF results. This not only confirms the internal consistency of our method, but also lends further reliability to previous extrapolation attempted by Kirtman et al. 23 -who predicted α VI. 0D → 1D convergence of C 1 = C 2 and C 2 − C 3 bond lengths (Å) and total energy E tot (hartree) 45 for the minimum-energy RHF/6-31G structure of the infinite polymer is even better, as well as more homogeneous.
The existence of two different series of oligomers with odd/even number of double carbon bonds converging to the same limit at m → ∞ has been envisaged to explain irregularities on the trend of γ (without border effects). 23 The present results do not support such a hypothesis, as is shown in Fig. 4 enabled us to approach the polymer limit describing a perfectly smooth pattern. For PBE0, the E g difference with respect to the polymer at m = 50 is 0.08 eV, i.e., about 6% difference from E g in the polymer, which may be compared with the corresponding 1% difference for HF. At m = 20, the PBE0 α is about 25% smaller than the converged value, and γ is only 0.4 instead of 2.87 × 10 9 a.u. For the largest oligomer (m = 50), α is within 1% of the polymer value, but γ is still off by about 20%. The difference between HF and PBE0 is evident from Figure 3 , showing in particular that at m = 50 the gradient of the PBE0 γ curve is just starting to decrease towards the converged plateau. If the latter is estimated using the fitting function γ (m) = 3 n=0 c n m n , γ ∞ xxxx = 2.49 × 10 9 a.u. is obtained, which still differs by about 10% from the analytical polymer value γ pol xxxx = 2.87 × 10 9 a.u. However, we can still use this extrapolation procedure to predict that for m > 60 the calculated value will be within about 1% of the convergence limit.
Both LDA α and γ are still in the very steep part of the curve at m = 50, and then extremely far from convergence. Table VII documents that at m = 50 the α value is 6.69 × 10 3 a.u., to be compared to 1.10 × 10 5 a.u. in the polymer, and γ is seven orders of magnitude smaller than the polymer value. The ratio R α = α LDA /α HF increases from 1.22 (m = 3) to about 670 (polymer) -which complies with expectations on the pure DFT catastrophe -and the soaring (m = 3-7) is even higher than previous results: Karolewski et al. 51 report a value of R α that increases from 1.28 (m = 3) to 2.00 (m = 7), i.e., about 10% below our estimation at m = 7, R α = 2.23. R γ = γ LDA /γ HF , instead, undergoes a change of about 10 orders of magnitude: from R γ < 1 for m = 3 − 5 to R γ = 2.15 × 10 9 at the polymer limit. At m = 50, we get a value of R γ which is about 10 4 , i.e., 5 orders of magnitude below the polymer limit. In this case it is impossible to extrapolate α and γ values at m → ∞ from oligomers of manageable length.
B. Effect of the Hamiltonian on periodic properties
Table VIII summarizes salient data regarding the effect of the Hamiltonian. As anticipated, the LDA and PBE band gap is extremely small and, as a consequence of this quasimetallic behavior, longitudinal α and γ components are extremely large. The convergence of oligomer properties towards the PA value is then extremely slow, due to the high electron mobility (border effects propagate into the inner chain). The iterative coupling between perturbation and CO relaxation through the CP-SC1 cycle -Eq. (12) -improves the sum over states (SOS) results for α (obtained at itera-TABLE VIII. Bond lengths C 1 = C 2 and C 2 − C 3 (Å), cell parameter a (Å), energy gap E g (eV) and the coupled perturbed polarizability α xx and second hyperpolarizability γ xxxx (in a.u.) of PA as functions of the level of theory adopted for calculations. Sum over state (SOS) values for α xx and γ xxxx are also shown. Basis set and computational parameters as in previous tables. PBE calculations performed using computational parameters as set for LDA; B3LYP as for PBE0. tion zero of the CP-SC1 process) by about 30% (LDA) and 15% (PBE), but still is unable to scale its magnitude. At the second order of perturbation, the effect of the CP-SC2 cycle -Eq. (13) -on γ SOS is further reduced to about 2%-3% at both the LDA and PBE levels.
When the band gap is relatively large, as predicted by HF, calculated values are considerably resized in magnitude. Electron relaxation increases α SOS by about a factor of 3 (so reducing the difference with respect to LDA) and γ SOS by 12 times, but this is overall a minor effect as far as the DFT catastrophe is concerned. Therefore, the choice of a functional able to provide a reasonable band gap seems to be a crucial step for obtaining reliable polarizabilities and hyperpolarizabilities.
A correlation between the band gap E g and the magnitude of α xx and γ xxxx (as well as the 0D → 1D convergence rate) has been inferred on the basis of the data discussed above (Table VIII) . However, such data correspond to a discrete sampling over a heterogeneous choice of the Hamiltonians. In order to investigate such correlation in a homogeneous framework, including the full range of possible band gaps, we performed a set of calculations in which the percentage of HF exchange X HF varies continuously from 0% to 100% in the PBE functional. The computational parameters for both geometry relaxation (minimum energy structures are indicated as R min ) and CPKS calculations have been set according to the most stringent standards defined in Sec. III, in order to ensure sufficient stability of the results along the whole range of X HF explored. Results are shown in Fig. 5 -series Fit(R min ). The energy gap increases from 0.114 eV when X HF = 0% to 6.68 eV when X HF = 100%. Correspondingly, α xx decreases from 50 338 to 168 a.u. and γ xxxx from 1.27 × 10 15 to 7.45 × 10 6 a.u. The values of α xx and γ xxxx provided by LDA, B3LYP, and HF, all reported in Fig. 5 with colored spots (PBE and PBE0 belong to the curve), lie very close to the interpolating curves α xx (E g ; R min ) and γ xxxx (E g ; R min ). Figure 5 establishes a strong dependence of the (hyper)polarizabilities on the band gap, almost irrespective of the peculiarities of the various levels of theory adopted (see, for example, LDA and PBE, having both X HF = 0 but different band gap values). Differences between α xx and γ xxxx values calculated with different Hamiltonians and those estimated at the same band gaps using the fitting curves α xx (E g ; R min ) and γ xxxx (E g ; R min ) (Table IX) are maintained up to around 15%. Moreover, given that even the HF data are consistent with the fitting, we can extend the argument of the minority short-range role of correlation potential (with respect to the exchange potential) in the calculation of the optical properties of small band gap finite systems 3 to periodic systems. In Sec. III (Tables I and IV) it is shown that the band gap (and thus also α xxxx and γ xxxx ) is closely related to the pattern of alternating bonds in PA. Indeed, if we run all the CPKS calculations represented in Fig. 5 -series Fit(R min ) at the same geometry (for example, that obtained for PBE) the resulting curve, Fig. 5 -series Fit(R PBE ), deviates significantly from the first. Comparison between curves Fit(R min ) and Fit(R PBE ) clearly shows that the band gap and the bond lengths are strongly correlated, and we can restrict the dependence of α xx and γ xxxx essentially on a single parameter. Consider, for example, the case X HF = 25%, i.e., a PBE0 calculation on structure R PBE . The PBE BLA (0.009 Å) is much smaller than that associated with geometry relaxation (0.056 Å). Such a difference reverberates on a two times decrease of the band gap (E g (R PBE ) = 0.663 eV vs E g (R min ) = 1.412 eV), whereas α xx (X HF = 25%; R PBE ) increases by about two times and γ xxxx (X HF = 25%; R PBE ) by almost 10 times. At X HF = 100%, the ratio over the HF values raises up to 4 for α xx and about 40 for γ xxxx .
C. Effect of the basis set
The effect of the basis set has been explored by progressively adding one, two, and three sets of polarization functions to the Pople's 6-31G basis used for all the calculations previously discussed. Both HF and DFT (PBE0) trends have been explored. Table X shows that only the first set of polarization functions (d on carbon atoms, p on hydrogen atoms) has an important effect on (hyper)polarizabilities, when added to the 6-31G set at the HF level -α xx and γ xxxx reduce by 8% and 32%, respectively -as a result of the increase of the band gap by about 5%. Adding a first set of polarization functions TABLE IX. The effect of geometry on the calculation of the polarizability α xx and the second hyperpolarizability γ xxxx of PA. Values of the optical properties at different band gaps E g (eV) have been obtained using i. the Hamiltonians indicated in parentheses (column E g ) at the relaxed geometry -column Calc(R min ); ii. the fitting functions α xx (E g ) and γ xxxx (E g ) defined at the minimum PBE energy structures for variable exact exchange percentages 0 < X HF < 100% values -Fit(R min ); iii. and the fitting functions α xx (E g ) and γ xxxx (E g ) defined for X HF = 0% -Fit(R PBE ). Columns 10 x report the orders of magnitude relative to α xx and γ xxxx . to basis set 6-31G (Table X , line 2) enlarges the PBE0 band gap by 2% and consequently reduces the polarizability by the same percentage amount and the second hyperpolarizability by about 13%. Again, further additions of polarization functions to the Pople's 6-31G basis set show a negligible effect. Improving the valence part of Pople's 6-31G basis set by spreading its Gaussian functions or adding very diffuse sp shells would lead to numerical problems of pseudo-linear dependence in periodic calculations. 39 For this reason we have tested the performance of a multiple-zeta basis set series as well (Table X, bottom). Using much more diffuse s (for H) and p (for C) shells (than those of basis set 6-31G) within the valence description does not significantly alter the previous outline: overall, the variation along the rows, excluding the first entry, does not exceed 4(2)% for the HF (PBE0) polarizability and 9(5)% for the HF (PBE0) hyperpolarizability calculated along the chain axis. The most important changes occur when switching from the DZP basis set to the TZP basis set: α xx and γ xxxx decrease by 4% and 16% (HF) and 8% and 22% (PBE0), respectively.
However, comparing bases 6-31G(d,p) and TZP on a qualitative level, differences turn to be relatively small, apart from γ xxxx PBE0 which decreases by about 16% using the TZP set. Moreover, whereas the ratio α PBE0 /α HF is about 5 for all the basis sets considered here, γ PBE0 /γ HF is more sensitive to the basis set used. Nevertheless, choice of the 6-31G basis set for most of the present calculations was important to allow comparison with data reported in the literature. It is also worth noting that the DFT overestimation of the second hyperpolarizability is further amplified by addition of polarization functions to the 6-31G basis set (from 25% to 30%) or using more extended multiple-zeta basis sets (from 10% to 15%).
V. CONCLUSIONS
The longitudinal polarizability α xx and second hyperpolarizability γ xxxx of polyacetylene have been evaluated with five different Hamiltonians. The numerical system developed in this work depends upon the choice of computational parameters that are more stringent the smaller the energy gap. Convergence with respect to the number of k points used in the various steps of the calculation (SCF, CP-SC1, and CP-SC2) is not readily reached: up to 1200 k points are required in the worst case, namely, γ xxxx evaluated within the local density approximation, providing a band gap as small as 3 millihartree.
Also the range of the exact exchange term (used in B3LYP, PBE0, and HF) strongly depends on the band gap, which is relatively small for the two hybrid functionals (1.1-TABLE X. Effect of the basis set on the calculation of the polarizability α xx and the second hyperpolarizability γ xxxx of PA. Columns 2-7 provide the exponents (bohr −2 ) of the polarization functions added to the 6-31G and DZP sets (see Refs. 54 and 55 for a complete definition). The exponents of the most diffuse functions are s H = 0.16 and sp C = 0.17 for the 6-31G set and s H = 0.12, s C = 0.16 and p C = 0.12 for the DZP set. γ xxxx in 10 9 (PBE0) and 10 6 (HF) a.u. Energy gaps E g in eV. Calculations have been performed at the optimized geometries. Other computational parameters as in previous tables. 1.4 eV vs 6.8 eV for HF). As a matter of fact, exchange interactions within a radius of about 130 Å must be considered in the first case, whereas only 40 Å are required for HF. It has been shown that the use of oligomers as a model for polymers can be very misleading, as the convergence with m -the number of monomers in the chain -can be quite slow when the gap is small, as for LDA, PBE, PBE0, and B3LYP. In these cases the results at m = 50 still differ from the polymer limit by 1% (α) or 17% (γ ) (PBE0 or B3LYP), or by several orders of magnitude (LDA or PBE). Results have been shown to strongly depend on the adopted Hamiltonian (for γ the difference can be as large as 10 orders of magnitude), and on the resulting band gap.
Literature data concerning short oligomer chains indicate that Hartree-Fock (hyper)polarizabilities are close to the ones obtained with correlated wave functions. On this basis our LDA and GGA data give catastrophically exaggerated values (DFT catastrophe), whereas hybrid data are more reasonable but still far apart by orders of magnitude when γ xxxx is considered. LR corrections 52, 53 have been claimed, in the case of finite oligomer chains, to limit catastrophic divergence on (hyper)polarizabilities, but still performance depends parametrically on the system 52 and no clear improvements of LR corrected functionals over HF have been shown. 52, 53 Besides the wide family of small-gap organic polymers, there is a connection with the optical properties of more complex systems such as carbon nanotubes (CNT) (1D systems characterized by a small band gap). Thus, the present work is preliminary to a systematic study of the (hyper)polarizabilities of CNT.
